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Abstract 



We show that a 3-spherical building in which each rank 2 residue is connected 
far away from a chamber, and each rank 3 residue is simply 2-connected far away 
cn I from a chamber, admits a twinning (i.e., is one half of a twin building) as soon as 

^^ ' it admits a codistance, i.e., a twinning with a single chamber. 

O 1 Introduction 

'^ I Twin buildings have been introduced by M. A Ronan and J. Tits in the late 1980's. Their 

definition is motivated by the theory of Kac- Moody groups over fields. Kac- Moody groups 
are infinite-dimensional generalizations of Chevalley groups and the buildings associated 

^ ! with the latter are spherical. Spherical buildings have been classified by J. Tits in |Ti74] . 

^ I This classification relies heavily on the fact that there is an opposition relation on the 

QQ I set of chambers of a spherical building. The idea in the definition of a twin building is 

r~~; ■ to extend the notion of an opposition to non-spherical buildings: instead of taking one 

building, one starts with two buildings B+,B- of the same type and defines an opposition 
relation between the chambers of the two buildings in question. Technically, this is done 



O, 

OO , by requiring a twinning function between the chamber sets of the two buildings which 

'^ ' takes its values in the Weyl group W. Two chambers x, y of B+ and B- are then defined 

to be opposite, if their twinning is the idendity in W. 

^ ■ There are variations of the idea of a twinning. For instance, one can introduce 'by 

restriction' a twinning between one chamber of i3+ and the building i3_, seen as an 
application from the set of chambers of i3_ to the Weyl group. A function from the set 
of chambers of a building B to its Weyl group and satisfying similar properties to those 
of this 'twinning to a chamber' will be called a codistance on B. This idea occurs at 
various places in the literature (see for instance |Mu98j and |Ro08] ) . In particular, |Ro08] 
is dealing with the question to which extent the existence of a codistance of a building B 
restricts its structure. The main result of the present paper ensures that any 3-spherical 
building admitting a codistance and satisfying some local condition is in fact one 'half 
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of a twin building. In particular, it is already known if its diagram is simply laced and if 
each panel contains at least 4 chambers (see the second remark below). 

Here is the precise statement of our main result. For the definitions and notations we 
refer to Sections [2] and [31 

Main result: Let i3„ = (C_,5_) be a thick building of 3-spherical type {W,S). Assume 
that the following two conditions hold. 

(Ico) If R is a rank 2 residue of i3_ containing a chamber c, then the set of chambers 
opposite c inside R is connected. 

(Isco) If R is a rank 3 residue of i3_ containing a chamber c, then the set of chambers 
opposite c inside R is simply 2-connected. 

If there exists a codistance function f : C- ^ W , then there exists a building B+ = (C+, (^+) 
and a mapping 6* : (C_ x C+) U (C+ x C-) ^ W such that the following two statements 
hold. 

a) {B^,B+,5*) is a twin building. 

b) There exists a chamber c E C+ such that S*{c,x) = f{x) for all x EC-. 

Remarks 

On the conditions 

By standard arguments there is no loss of generality if one restricts to the case where the 
building in question has irreducible type. In the following remarks this is always assumed. 

3-sphericity:If we drop the 3-sphericity condition (together with conditions (Ico) and 
(Isco)), the conclusion of our main result is not always true. Indeed it is fairly easy to 
construct examples of buildings admitting a codistance which cannot be realized as a 'half 
of a twin building'. For instance, it is a trivial fact that each thick building i3_ of type 
Ai admits a codistance /. Moreover, it can be shown that B- can be realized as a 'half 
of a twin building' if and only if panels of the same type have the same cardinahty (see 
|AB99] . [RT99] ). 

It is an interesting question to wonder which buildings admitting a codistance can or 
not be realized as a 'half of a twin building'. It is most likely that all right-angled buildings 
admit a codistance, and that they can be realized as a 'half of a twin building' if and only 
if panels of the same type have the same cardinality. If there are finite entries different 
from 2 in the diagram, the question becomes more delicate. Nevertheless, we expect a 
behavior similar to the case of right-angled buildings if there are 'enough' infinities in the 
diagram. Hence, for the conclusion of our main result to hold, it is natural to assume 
that the diagram is 2-spherical (i.e. there are no infinities in the diagram), in which case 
panels of the same type always have the same cardinality. By the following remarks, the 
conditions asked in addition to 3-sphericity are 'almost always' satisfied and therefore 
it remains to consider 2-spherical buildings which are not 3-spherical. We have no idea 
about what to expect in this case. On the one hand, the methods used in the proof of our 



main result completely fail in this more general context. On the other hand we could not 
manage to construct counter-examples in the yl2-case — a case which is well understood 
in a lot of respects. In the opposite direction goes the result of [MVM08] which shows 
that certain affine buildings do not admit any codistance. 

Condition (Ico): By the 3-sphericity assumption, all entries in the diagram are equal to 
2, 3 or 4, if the rank is at least 3. It follows from an observation of Cuypers, see [Br93j . 
that Condition (Ico) is satisfied if there is no rank 2 residue isomorphic to the building 
associated with .62(2). In particular, Condition (Ico) is satisfied if the diagram is simply 
laced (i.e. if all entries are 2 or 3). 

Condition (Isco): It follows from |Ti86j Corrolaire 2 that Condition (Isco) is satisfied if 
the diagram is simply laced and if each panel contains at least 4 chambers. If there are 
subdiagrams of type B2 we have to consider buildings of type S3. For those the relevant 
results concerning Condition (Isco) may be found in |Ab96j . They imply that Condition 
(Isco) is satisfied if each residue of type B^ comes from an embeddable polar space and 
if each panel contains at least 17 chambers. The first condition is equivalent to the fact 
that any y42-residue corresponds to a desargesian projective plane, and it is very likely 
that it can be dropped. Moreover, it is expected that the bound 17 is not optimal. 

In view of the remarks above, we have the following corollary of the main result: 

Corollary 1: Let i3_ = (C_,(5_) be a thick, irreducible building of 3- spherical type {W, S) 
whose rank is at least 3. Then the conclusions of the main result hold as soon as one of 
the following conditions is satisfied: 

(1) {W^ S) is simply laced and all panels contain at least 4 chambers. 

(2) Any residue of type A^ corresponds to a desarguesian projective plane and any panel 
contains at least 17 chambers. 

An application to simply-laced buildings 

Let B = {B^, B^,6*) be an irreducible 3-spherical twin building of rank at least 3 whose 
diagram is simply laced. Then it is known that B is Moufang (see for instance |AB08] ) 
and therefore each of its spherical residues is Moufang. If we assume in addition that B 
is 3-spherical, then all its v42-residues are (up to duality) all isomorphic to the building 
associated to a projective plane over a division ring K. If there is a D4-subdiagram, then 
K is commutative and those buildings have been classified in |Mu99aj : in particular, they 
are of 'algebraic origin'. If there is no D4-subdiagram, then B is of type An or A„ for 
some n > 3. Those buildings are also known by |Ti74j and |Ti84j and of algebraic origin. 
Putting together all these informations we get the following corollary of our main result. 

Corollary 2: Let B- be an irreducible, 3-spherical and simply laced building of rank at 
least 3 in which each panel contains at least 4 chambers. If B- admits a codistance, then 
it is known and in particular of algebraic origin. 



Content 

The paper is organized as follows. In Section [2l we collect the definitions, known results 
and preliminaries that we need. In Section [3l we prove some basic properties of a codis- 
tance; most properties are known to be valid for a twinning, but we need to reprove them 
here for a codistance. In Section |U we show that, under the assumptions of our Main 
Result, the complex of chambers with codistance the identity is simply 2-connected (for 
any codistance!). In Section 0, we construct bijections between panels that are contained 
in a chamber of codistance the identity. These bijections will then be used in Section [6] 
to define codistances adjacent to a given codistance. Finally, in Section [TJ we prove that 
all the codistances thus obtained constitute the second half of a twinning, the first half 
of which is the original building. 

2 Preliminaries 

In this section, we recall basic definitions and results. 

Chamber systems 

Let / be a set. A chamber system over J is a pair C = (C, (~j)jg/) where C is a set 
whose elements are called cham,hers and where ~j is an equivalence relation on the set of 
chambers for each i & I, such that if c ~j d and c ~j d then either i = j ot c = d. 

We refer to |AB08t IDM07] for the definitions of i-adjacent cham,bers, galleries, J- 
galleries J-residues, i-panels. 

Two galleries G = (co,...,Cfc) and H = {cq, . . . ,c'f.,) are said to be elementary 2- 
homotopic if there exist two galleries X, Y and two J-galleries Gq, Hq for some J C / of 
cardinality at most 2 such that G = XGqY, H = XHqY. Two galleries G, H are said 
to be 2-homotopic if there exists a finite sequence Go,Gi, . . . ,Gi of galleries such that 
Gq = G,Gi = H and such that G^-i is elementary 2-homotopic to G^ for all 1 < /x < /. 
The chamber system C is called simply 2-connected if it is connected and if each closed 
gallery is 2-homotopic to a trivial gallery. 

Coxeter systems 

A Coxeter system is a pair (W, S) consisting of a group W and a set 5" C H^ such that 
(S) = W, s'^ = Iw 7^ s for all s G S* and such that the set S and the relations ((st)°*^**'')s,tes 
constitute a presentation of W, where o{g) denotes the order of g. 

Let {W, S) be a Coxeter system. The matrix M{S) := {o{st))s^t<^s is called the type 
or the diagram of {W,S). For an element w & W we put l{w) := minjA; G N | ty = 
S1S2 ■ ■ ■ Sk where Sj G S" for 1 < i < A;}. The number l{w) is called the length of w. For a 
subset J of 5" we put Wj := {J) and we call it spherical if Wj is finite. 

The following proposition collects several basic facts on Coxeter groups which can be 
found in the usual standard references |Bo68j or |Hu90j . These facts will be used without 
reference throughout the paper. 



Proposition 2.1.: Let (W, S) be a Coxeter system. 

a) For w E W, s E S we have {l{ws), l{sw)} C {l{w) — 1, l{w) + 1}. 

b) For w & W,s,t E S with l{sw) = l{w) + 1 = l{wt) we have l{swt) = l{w) + 2 or 
swt = w. 

a) For J G S the pair {Wj, J) is a Coxeter system and if Ij : Wj — i> N zs its length 

function, then Ij = l\wJ■ 
d) Let w G W and J G S. Then there exists a unique element Wj G wWj such that 

l{wjt) = l{wj) + 1 for all t E J. Moreover, we have l(x) = l{wj) + lj{wj^x) for all 

x G wWj. 

e) If J G S is spherical, then there is a unique element rj G Wj such that l{rjw) + 
l{w) = l{rj) for all w G Wj; the element rj is a non-trivial involution if J ^ ^. 

f) Let w G W and let J G S be spherical. Then there exists a unique element w^ G 
wWj such thatl{w^t) = l{w^) — l for all t G J and we havew^ = wjrj. Moreover we 
havel{x) = l{w^)—lj{{w^)~^x) for all x G wWj; in particular, l{wj)+l{rj) = l{w^). 

Buildings 

Let {W, S) be a Coxeter system. A building of type {W, S) is a pair B = (C, 6) wliere C 
is a set and wtiere 6 : C x C —^ W is a. distance function satisfying tlie following axioms 
where x,y G C and w = 6{x, y): 

(Bu 1) w = 1 ii and only if x = ?/; 

(Bu 2) if 2; G C is such that (^(y, z) = s G S, then 5{x, z) = w 01 ws, and if, furthermore, 
l{ws) = l{w) + 1, then 5(x, z) = ws; 

(Bu 3) if s G S, there exists z G C such that 6{y, z) = s and 6{x, z) = ws. 

For a building B = {C,S) we define the chamber system C{B) = (C, {^s)ses) where 
two chambers c,d G C are defined to be s-adjacent if 6{c, d) G (s). The rank of a building 
i5 of type {W,S) is \S\. 

In this paper all buildings are assumed to be of finite rank and thick (which means that 
for any s G S and any chamber c G C there are at least three chambers being s-adjacent 
to c). 

For any two chambers x and y we set l{x,y) = l{S{x,y)). We say that a gallery 
xo,xi, . . . ,Xn is minimal ii n = /(xq, Xn)- 

In the following proposition we collect several basic facts about buildings. We refer to 
[R^ and |Wen3] for the details. 

Proposition 2.2.: Let {W, S) be a Coxeter system and let B = {C,6) be a building of 
typeiW,S). 



a) The chamber system C{B) = {C, {^s)ses) uniquely determ,ines B; in other words, 
the s-adjacency relations on C determine the distance function 5. 

b) For c E C and J C S we have Rj{c) = {x G C | 6{c, x) G Wj}. 

c) //d : C X C — > N zs the numerical distance between two chambers in (C, (~s)sgs); 
then d = I. 

d) Let c & C and let R C C be a J -residue for some J C S. Then there exists a 
unique chamber x E R such that 6{c,x) = {6{c,x))j. Moreover, for all y E R one 
has 5{c, y) = S{c, x)S{x, y) and in particular, l{c, y) = l{c, x) + l{x, y) . 

Given c E C and a J-residue i? of i3 as in Assertion d) of the previous proposition, 
then the chamber x of its statement is called the projection of c onto R and it is denoted 
by proj^c. 

Given two residues R and /?', we define proj^i?' by the set {projj:jc|c G R!}. 

Two residues Ri and R2 of a building are called parallel if projjij^ : R2 ^ Ri and 
proj^2 '■ Ri ^ R2 are adjacency-preserving bijections inverse to each other. 

The following proposition can be found in [DS87J . 

Proposition 2.3.: Let R,Q be two residues of a building. PutpToi^^Q := {proj^x | x G 
Q}. Then the following holds: 

a) proj^Q is a residue contained in R. 

b) If R! := proj^Q and Q' := projgi? are parallel. 

Let i? be a spherical J-residue of a building of type {W, S). Two chambers x,y oi R 
are opposite in R whenever S{x,y) = rj. Two residues i?i of type Ki and R2 of type 
K2 in R are opposite in R if Ri contains a chamber opposite to a chamber of R2 and if 
Ki = rjK2rj. 

The following statement is an easy consequence of Theorem 3.28 of |Ti74] . 

Proposition 2.4.: Let R be a spherical J-residue of a building of type {W,S) and let 
i?i,i?2 be two residues opposite in R. Then Ri and R2 are parallel. 

This last proposition is Lemma 2.6 in [CM06J . 



Proposition 2.5.: Let Ri,Rj, Rk be residues of respective type I,J,K of a building of 
type {W, S). Assume that Rj C Rj. Then we have proj^^ Rk = projjij^ projijj Rk- 

Twin buildings 

Let B+ = (C+, 5+), i3_ = (C_-, (5_) be two buildings of the same type {W, S), where {W, S) 
is a Coxeter system. A twinning between i3+ and B- is a mapping 5=,, : (C+ x C_) U 
(C„ X C+) — > W satisfying the following axioms, where e G {-\-,—},x G Ce,y G C-e and 
w = 6^{x,y): 



(Tw 1) S^{y,x) = w"^; 

(Tw 2) if 2 G C-e is such that S-e{y, z) = s & S and l{ws) = l{w) — 1, then S^:{x, z) = ws; 

(Tw 3) if s G 5", there exists z G C_e such that S-e{y, z) = s and S^:{x, z) = ws. 

A twin building of type {W, S) is a triple (i3+, i3_, (5*) where B+,B- are buildings of 
type {W, S) and where 6^ is a twinning between B+ and i3_. 

Here is a lemma the proof of which is left to the reader (it follows directly from the 
definition above and an easy induction on the length of 6^{x, y)). 

Lemma 2.6.: Let ((C+,(^+), (C_,(5_),5*) be a twin building of type {W,S). Let x,y eC+ 
and z E C- be such that 6-^-{x,y) = 6*{x,z). Then y and z are opposite. In particular, if 
x°P = y°P, then X = y. 

3 Codistance 

In this section, we take {W, S) a Coxeter system and B = (C, 6) a building of type {W, S). 

Definition 3.1.: A codistance on ;B is a function f : C —>■ W such that, for all s G S" and 
P an s-panel of C, there exists w & W with f{x) G {w, ws} for all x G P and P contains 
a unique chamber with /-value the longest word of the two. 

As an example, if B is half of a twin building and x is a chamber in the other half, the 
twinning to x is a codistance on B. 

Lemma 3.2.: Let R be a J -residue of B and x be a chamber of R. Then the image of f 
restricted to R is f{x)Wj. 

Proof: It is obvious by the definition of / that the image is contained in f{x)Wj. Let 
w be a word of Wj written as a reduced word as siS2 . . . Sk. Using the fact that for all 
s & J and all chamber y & R, there exists at least one chamber s-adjacent to y with 
/-value f{y)s, it is easy to prove (by induction on k) that there exists a chamber in R 
with /-value f{x)w. □ 

Proposition 3.3.: Let R be a spherical J -residue. Then there exists a unique chamber c 
in R such that l{f{c)) > l{f{y)) for all y E R\ {c}. This unique chamber will be denoted 
by proj^ /. Moreover for all y E R we have f{y) = f{c)6{c, y). 

Proof: Let y be a chamber in R and w := f{y). By Lemma [3^ / takes on R its values 
in wWj. Since R is spherical, it is well-known that wWj contains a unique longest word 
w^ . Moreover l{x) = l{w^) — l{{w^)~^x) for all x G wWj. By Lemma [3.21 there exists a 
chamber c E R with /(c) = w^ . 

Let yhe a. chamber in R. The distance 6{c, y) is in Wj and so can be written as a reduced 
word as tit2 . . .t^. Therefore there is a gallery c = yo ~ti Vi ~t2 ■ • ■ ~tfc Vk = V- Using the 
fact that l{w^ti . . .ti) = l{w^) — i, it is easy to prove by induction that f{y) = w^S{c, y). 
Therefore l{f{y)) = l{w^) — l{6{c,y)) = /(/(c)) — d{c,y) < /(/(c)) with equality only for 
y = c. □ 



Proposition 3.4.: Let f be a codistance, let R he a J -residue for some J C S. Put 
lf{R) := min{/(/(x)) \ x e R} and Af{R) := {x e R \ /(/(x)) = //(i?)}. 

a) Let X E R. Then x G Af{R) if and only if f{x) is the unique shortest word of 
f{x)Wj. Moreover, if x,y E Af{R), then f{x) = fiy). 

b) Let y E R. Then there exists x G Af{R), such that f{y) = f{x)6{x,y). 

c) If J is spherical, then Af{R) is the set of all chambers opposite to proj^/ in R. 

Proof: Let y E R and put w := /(y). 

By Lemma 13. 2[ {/(y) | y G R} = wWj. It is well known that there exists a unique 
shortest element Wj G wWj. Moreover l{x) = l{wj) + l{wj^x) for all x G wWj. It follows 
that Af{R) = {x E R \ f{x) = wj}. This proves Part a) of the proposition. 

Let now tit2 ■ ■ -tk be a reduced representation of wj^w and let x = yo ~fi yi ~t2 
• • • ~tft ?/fc = 2/ be a reduced gallery ending in y. Using the fact that l{wtktk-i ■ ■ -tj+i) = 
l{wjtit2 ■ ■ -ti) = l{wj) + i, it follows from an easy induction on k that x G Af{R). By 
construction S{x,y) = tit2 . . .tk = w^^w = f{x)~^f{y). This finishes Part b). 

Let J be spherical. Then x G Af{R) if and only if /(x) = wj. Let c = projjij/ so that 
/(c) = w^ as in Proposition 13. 3[ We have seen that f{x) = w'^6{c,x). Since w^ = wjrj, 
where rj is the unique longest word of Wj, we can conclude that x G Af{R) if and only 
if d{c, x) = rj, that is, if and only if x is opposite to c in R. 

D 

Definition 3.5.: For a codistance /, we denote by /°p the set of chambers of C with 
/-value Iw 

Lemma 3.6.: Let c be a chamber of C. Then a shortest gallery from c to a chamber in 
/°P has length l{f{c)). 

Proof: It is obvious from the definition of codistance that no chamber at distance 
strictly less than /(/(c)) from c can be in /°p. Now by Proposition 13.41 with J = S, there 
exists X G Af{C) = /°p such that /(c) = S{x, c). Hence a minimal gallery from c to x will 
have length l{f{c)). □ 

For c G C, we define f°^ = {x E /°P|(5(a;, c) = /(c)}, that is the set of chambers of /°p 
closest to c, which is non-empty, by Lemma 13.61 

Lemma 3.7.: The following statements are equivalent: 

a) the chamber x is in f°^, 

b) for any minimal gallery x = Xo,Xi . . . ,Xn = c we have l{f{xi)) = i for allO < i < n, 

c) there exists a minimal gallery x = Xo, Xi . . . , x„ = c with l{f{xi)) = i for all < i < 
n. 

8 



Proof: Assume x G f°^. Let x = Xq, Xi . . . , x„ = c be any minimal gallery from x to 
c. Since d{x,c) = f{c), n = l{f{c)). By the axioms of codistance, the /-values of two 
adjacent chambers are either equal or have length difference one, hence we must have 
l{f{xi)) = l{f{xi-i)) + 1 for all 1 < i < ra, which implies b). 

Obviously b) implies c). 

Assume that there exists a minimal gallery x = xo,xi . . . ,Xn = c with l{f{xi)) = i 
for all < z < n. Then l{f{x)) = 0, so /(x) = Iw- Assume that f{xi) = 6{x,Xi), then 
/(xj+i) = 6{x, Xi+i). Indeed x, ~^^ Xj+i for some Si e S and so /(xj+i) = f{xi) or Sif{xi). 
Since /(/(xj+i)) ^ /(/(xj)), we are in the second case and /(xj+i) = Si6{x, Xj) = S{x, Xj+i). 
This proves by induction that /(xj) = (5(x,Xj) for all < z < n, and so /(c) = S{x,c), 
which yields a). □ 

Lemma 3.8.: Let x E C and w E W such that l{f{x)w) = /(/(x)) + l{w). Then there 
exists a unique chamber c of C with f{x)~^f{c) = w = 6{x,c). 

Proof: Let S1S2 ... s^ be a reduced word for w. Since l{f{x)w) = l{f{x)) + l{w), we have 
l{f{x)siS2 ■ ■ ■ Si) = /(/(x)) + i = 1 + l{f{x)siS2 ■ ■ ■ Sj_i). Consider the Si-panel on x, it 
follows from the axioms of codistance that this panel contains a unique chamber with /- 
value /(x)si, namely the projection of / on it. Continuing by induction on k, we can easily 
build a unique gallery x = xq ~si xi ~ S2 . . . ~sj. Xk = c such that /(xj) = /(x)siS2 ■ ■ ■ Si 
for all i. Hence w = S{x, c) and /(c) = f{x)w, and so c exists. 

Assume there exists another chamber c' with f{x)~^f{c') = w = 6{x,c'). Hence there 
exists a minimal gallery x = Xq, x[ . . . , xj, = c' with l{f{xi)) = /(x) + i for all < i < k, 
of type ti,t2, . . . ,tk where ^1^2 ■ ■ -t^ = w. On the other hand, since 5(x, c) = tf , there is a 
minimal gallery of type ti,t2, ■ ■ ■ ,tk from x to c. Because / has to lengthen at each step, 
we see by induction that this gallery is exactly x = Xq, x'j^ . . . , x^ = c', and so c = c'. □ 

Lemma 3.9.: Let R be a residue of B and c a chamber of R. If x E /°p then proj^x G 
Af{R) and l{S{x,pTO}f(X)) = lf{R). 

Proof: Let J be the type of R and let w = f{c) = 6{x,c). We have l{w) = l{wj) + 
l{wj^w). Hence, if S1S2 ... s^ is a reduced word for wj and Sk+iSk+2 ... s„ is a reduced 
word for wj^w G Wj, then S1S2 ■ ■ ■ Sn is a reduced word for w. Consider the gallery 
X = Xo ~si Xi ~S2 . . . ~s„ Xn and such that l{f{xi)) = i. Then /(xj) = S1S2 ■ ■ ■ Si and in 
particular /(x^) = w. By construction we also have 5(x, x„) = w. A chamber satisfying 
those two conditions is unique by Lemma 13.81 and therefore x„ = c. As wj^w G Wj, 
Si G Wj ioT i > k + 1, and so Xi E R for i > k. Since l{S{x,Xk)) = l{wj), which is the 
shortest possible for a chamber in R, hence Xk = proj^x and Xk G Af{R) by Proposition 
13:1 Moreover 6{x, Xk) = f{xk) = wj = lf{R). □ 

Lemma 3.10.: The set /°p determines uniquely f. 

Proof: Assume there exists a codistance f'^fonB with f'°^ = f°^. Then consider c 
at minimal distance from /°p under the condition that /'(c) 7^ /(c). Of course, c is not 



in /°P. Let c = Cq, Ci, . . . , c^ be a shortest gallery from c to f°^. This minimal gallery 
has length /(/(c)) by Lemma [3.61 It is also a shortest gallery to f'°^, and so has length 
l{f'{c)). Therefore /(/(c)) = l{f'{c)). Now Ci is closer to /°p than c, and so /(ci) = /'(ci). 
By the definition of codistance /(c) = /(ci) or f{ci)t (where t is such that cq ~i ci). Idem 
for /'. Since /(/(c)) = l{f'{c)), it implies that /(c) = /'(c). This contradiction proves 
that / = /'. □ 

4 Simple connectedness of /°p 

In this section we will apply a result proved in |DM07j using filtrations. 

Let / be a set and let C = (C, (~i)ie/) be a chamber system over I. In the following 
we denote the set of non-negative integers by N and the set of positive integers by Nq. 

A filtration of C is a family JF = (C„)„gN of subsets of C such that the following holds. 

(Fl) C„ C C„+i for all n G N, 
(F2) U„eN Cn = C, 

(F3) for each n > ii C„_i ^ then there exists an index i ^ I such that for each 
chamber c & Cn there exists a chamber c' G C„_i which is ^-adjacent to c. 

A filtration JF = (C„)„gN is called residual if for each ^ ^ J G I and each J- residue 
i? the family (C„ fl -R)nGN is a filtration of the chamber system TZ := (i?, (~j)jej)- 

For each a; G C we put \x\ := min{A G N | a; G Cx}. For a subset X of C we put 
|X| := min{|x| \ x e X} and aff(X) := {x e X \ \x\ = \X\}. Note that Co = aff(C) if we 
assume that Cq 7^ 0. 

We say that a filtration satisfies Condition (Ico) if for every rank 2 residue i?, aff (i?) 
is a connected subset of the chamber system TZ. 

We say that a filtration satisfies Condition (Isco) if for every rank 3 residue R, a.S{R) 
is a simply 2-connected subset of the chamber system 7?.. 

Theorem 4.1.: ].DM07| / Suppose that the residual filtration T = (C„)„gN of the chamber 
system C satisfies (lea), (Isco) and Co 7^ 0. T/ien t/ie following are equivalent: 

a) C is simply 2-connected; 

b) {Cn, (~i)iG/) ^s simply 2-connected for all n G N. 

The filtration J^f 

We choose an injection w ^-^ \w\ from W into N such that l{x) < l{y) implies \x\ < \y\ 
for all x,y & W and such that \lw\ = 0. Such an injection exists because B is of finite 
rank. Let / be a codistance. We define C„ by setting C„ := {x G C | \f{x)\ < n}. 
The goal of this subsection is to show the following proposition. 

Proposition 4.2.: With the definitions above, the family Tf := (C„)„gN ^s o residual 
filtration of the chamber system C. 
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Proof: It is obvious that J^f satisfies the axioms (Fl) and (F2) and from this it follows 
that these axioms also hold 'residually'. 

Let i? be a J-residue of C with J 7^ and let \R\ := min{A; | CkH R ^ 0}. It follows from 
the definition of J-'f and by Proposition 13.41 that aff(i?) = C|/j| fl i? = Af{R) = {x & R \ 
fix) = f{x)j}. 

Let < 7T, G N be such that C„_i fl i? 7^ 0. We have to show that there is t G J with 
the property that each chamber x in i? fl C„ is t-adjacent to a chamber a;' G i? fl C„_i. If 
C„ n i? = Cn-i n i? we can choose t E J arbitrarily and set x' := x for each a: G i? fl C„. 
Suppose now that R fl C„_i is properly contained in C„ fl R, choose y E Rn Cn\ C„_i 
and put w := f{y). Since | ■ | injects W into N, it follows from the definition of J-'f 
that f{y') = w for all y' G C„ \ Cn-i- On the other hand, there exists x G Af{R) 
such that w = f{y) = f{x)6{x,y) by Assertion b) of Proposition 13.41 As Cn-i fl i? 7^ 
it follows that y ^ Af{R) and hence S{x,y) G Wj \ {Iw}- Let t G J be such that 
l{6{x,y)t) = l{S{x,y)) — 1. As /(x) = f{x)j = wj and S{x,y) G Wj it follows that 
l{wt) = l{wj5{x,y)t) = l{wj) + l{6{x,y)t) = l{wj) + l{6{x,y)) - 1 = l{w) - 1, by a 
property of wj. For any chamber z G i? fl C„ we choose a chamber 2;' G i? as follows. If 
z G C„_i then we put z' := z. li z E Cn\ Cn-i then we know that f{z) = w and we 
choose z' E R such that z r^i z' ^ z. In the first case, it is obvious that z' is in i? fl C„_i; 
in the second case we have ji^z') = wt by the definition of /, as wt is shorter than w. It 
follows that \wt\ < \w\ = n and therefore z' G Cn-i- As t G J we have also z' G R. 

The case J = S* is a special case of the consideration above. This shows that jFj satisfies 
Axiom (F3). Hence J-'f is a residual filtration. □ 

Theorem 4.3.: Let B = {C,6) be a building of type {W, S) and f a codistance on B. 
Suppose that the following conditions are satisfied: 

(3-sph.) If J ^ S is of cardinality at most 3, then J is spherical. 

(Ico) If J is of cardinality 2, if R G C is a J-residue and if x E R, then the chamber 
system {{y E R \ S{x,y) = rj}, {^t)tej) is connected. 

(Isco) If J is of cardinality 3, if R G C is a J-residue and if x E R, then the chamber 
system {{y E R \ S{x,y) = rj}, (~f)tej) ^^ simply 2-connected. 

Then the chamber system /°p is simply 2-connected. 

Proof: Let jFj = (C„)„gN be the residual filtration of the previous subsection. Note 
first that Co = /°p. 

Given a spherical J-residue R of B, then aff(i?) = Af{R) as we have proved above. By 
Assertion c) of Proposition 13. 4^ we have therefore aff(i?) = {x E R\ 5(proj^/, x) = rj} 
for each such residue, where rj is the longest word of Wj. 

Now jFj satisfies (Ico) and (Isco). As it is well-known that C is simply 2-connected (see 
for instance Theorem (4.3) in |Ro89] ) . the claim follows now from Theorem 14. 1[ □ 
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5 Bijections between panels 

In this section, B = (C, S) will be a building of type (W, S) satisfying the hypothesis of 
Theorem 14.31 and / will be a co distance on B. 

5.1 Preliminaries on panels 

The following lemmas are easy. 

Lemma 5.1.: Two panels Pi and P2 are parallel if and only ^/projp^ Pi = Pi- 



Proof: The first implication is obvious. Assume projp^ Pi = Pi- By Proposition 12.31 
the projections of two residues on one another are parallel, therefore projp^ P2 = Pi and 
Pi and P2 are parallel. □ 

Lemma 5.2.: For two parallel panels Pi and P2 of type Si and S2 respectively, we must 
have S2 = w~^siw where w := S{x,pToip^x) does not depend on the choice of x in Pi. 
Conversely, if 6{x,y) = w, $2 = W^siw and l{siw) = l{w) + 1, then the si-panel on x is 
parallel to the S2-panel on y. 

Proof: It is well known that ioi w & W and Si,S2 G S such that l{siw) = l{w) + 1 = 
l{ws2), we have l{siWS2) = l{w) + 2 or S1WS2 = w. The result follows easily. □ 

The distance 6{x,pToip^x) between two parallel panels Pi, P2 will be denoted by 

5(Pl,P2). 

Definition 5.3.: For s e S, let X^ := {w G W\w~'^sw G S and l{sw) = l{w) + 1}. For 
wi,W2 G Xs, we say that wi -< W2 if and only if l{wi'^W2) = 1(102) — Kwi). 

Lemma 5.4.: For w ^ X^ and a given s-panel P , there exists an w~^sw-panel P' parallel 
to P and with 6{P, P') = w. Let J be a spherical subset of S containing s and let rj be 
the longest word of Wj, then xj := srj is in Xs- Moreover, if w & Wj is in Xg, then 

w ^ Xj. 

Proof: The first statement is a corollary of Lemma [5721 We have xj^sxj = rjsrj which 
has length l{rj) — l{srj) = 1 and so is an element of S, and l{sxj) = l{rj) = l{xj) + 1, 
hence the second statement. Finally l{w~^xj) = l{w~^srj) = l{rjsw) = l{rj) — l{sw) = 
l{rj) — l{w) — 1 = l{xj) — l{w), hence the third statement. □ 

Definition 5.5.: Let F be the graph whose vertices are the panels of B with panels 
adjacent if there exists a rank 2 residue in which the two panels are opposite. For two 
adjacent panels P, Q, there exists a unique rank 2 residue containing P and Q, that will be 
denoted by P(P, Q). A path Pq, Pi, . . . P^ (without repetitions) in F is called compatible 
if projj:j(p._^ p.) Pq = Pi-i for all 1 < i < A;. The number k is the length of that path. 
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Lemma 5.6.: Let P, Q be two parallel panels ofB and R be a residue containing Q. Then 
proj^ P is a panel parallel to P and to Q. Moreover, if P = Pq,Pi, . . . P^. = projjij P and 
proj^P = Tq,Ti, . . .Ti = Q are compatible paths in T, the second one contained in R, 
then P = Po, Pi, . . . Pk = To,Ti, . . .Ti = Q is a compatible path in T. 

Proof: The projection of a residue on a residue is a residue, so P' := proj^P is 
either a chamber or a panel. Since projg = projgproj^ by Proposition I2.5[ we have 
Q = projg P = projn P', and so P' cannot be reduced to a chamber and is parallel 
to Q by Lemma I5.1[ We must have P' parallel to projp R by Proposition 12.31 Since 
projp R 3 projp Q = P, we have projp R = P and P' is parallel to P. 

We already have pi'ojp(p._j p.) Pq = Pj_i for all 1 < 2 < A; by hypothesis. For all 1 < z < /, 
we have proj^(7^._^ 7^.) P = projp(-y._j^Ti) proJi?-^ ~ -^*-i ^^ Proposition 12.51 and because 
To, Ti, . . . , T; is a compatible path. This concludes the proof. □ 

Lemma 5.7.: Two panels are parallel if and only if there exists a compatible path in F 
from one to the other. 

Proof: The right to left implication will be proved by an induction on the length of 
the path. If the path has length one, the result is obvious since opposite panels in a 
residue are parallel. Assume we have proved the result for all paths of length strictly 
less than k, and assume P = Pq, Pi, . . . Pfc = Q is a compatible path in F. By induction 
P is parallel to Pk-i- We have projg = projg proj^(p^_^p^) by Proposition 12.51 and so 
projg P = projg Pfc_i which is equal to Q since Pk-i and Q are parallel. By Lemma \5A] 
that means P and Q are parallel. 

The left to right implication will be proved by an induction on the distance between the 
two panels. Let P, Q be two parallel panels. If l{d{P, Q)) = then P = Q and the trivial 
path P = Pq = Q is compatible. Suppose 1{S{P,Q)) = I > and the result is proved for 
all parallel panels at distance strictly less than /. Choose c E P and let d = projg c. There 
exists a chamber e adjacent to d such that l{S{c, d)) = l{6{c, e)) + 1. Let R be the unique 
rank 2 residue containing Q and e. By Lemma [5. 6[ proj^jP = Q' is a panel parallel to P 
and to Q. Since there is a chamber in R closer to P than d, Q cannot be equal to Q' and 
so they are opposite in R (property of rank 2 residues). Moreover 1{S{P, Q')) < 1{S{P, Q)). 
By induction, there exists a compatible path P = Pq, Pi, . . . Pk = Q' ■ Since R = R{Q', Q), 
the path P = Pq, Pi, . . . P^, Q is compatible. □ 

Lemma 5.8.: Let R be a spherical rank 3 residue in B and P, Q be two parallel panels 
in R. If there is more than one compatible path contained in R from P to Q, then P and 
Q are opposite in R and there are exactly two such paths. Moreover these two paths have 
the same length. 

Proof: Let P = Pq, Pi, . . . Pk = Q and P = Pq, P[, . . . P/ = Q be two compatible paths 
in R, and let Q' = Pk-i = Pl^i such that Pk-j = P[_j for all < j < i and Pk-i-i 7^ Pi-i-v 
Therefore R{Pk-^-l, Pk-^) ^ P(P/_,_i, P/_J. 

Choose c E P and let d = projg/ c. Suppose that P and Q' are not opposite in R, so that 
there exists a chamber e not in Q' adjacent to d and such that l{S{c, e)) = l{S{c, d)) + 1. 
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Since there are only two rank 2 residues in R containing a given panel, the rank 2 residue 
R' containing Q' and e must be either R{Pk_i_i, Pk^i) or R{PI_-_-^, Pl_i), without loss of 
generality we can assume R' = R{Pk-i-i, Pk-i)- Then proj^/ P = Pk-i-i is opposite to Q' 
in R! , in contradiction with the existence of e. Therefore P and Q' are opposite. Since Q' 
cannot be the projection of P on any rank 2 residue containing it, Q' must be equal to 
Q. Using this and Lemma 15.71 in the building i?, we conclude that for two non-opposite 
parallel panels of R, there is exactly one compatible path in R from one to the other. 

Let P and Q be opposite in R and let R' be a rank 2 residue in R containing Q. Then 
there is exactly one compatible path P = Pq, Pi, . . . P^. = Q such that R' = R{Pk-i, Pk)- 
Indeed Pk-i = proj^P is determined and there is only one compatible path between P 
and Pk-i since they are not opposite. Since there are two rank 2 residues containing Q 
in R, there are exactly two compatible path in R from P to Q. 

A spherical residue of rank 3 is of type As, C3, i/3, Ai® Ai® Ai or Ai Q) In- Knowing 
the distance between two opposite panels in R and in all rank 2 residues of R, it is easy 
to determine the length of compatible paths between opposite panels. A case by case 
analysis easily yields that the two compatible paths between two opposite panels have the 
same length. □ 

Lemma 5.9.: Let P , Q he two parallel panels of B. Then all compatible paths from P to 
Q have the same length. 

Proof: We will prove this by induction on 1{S{P, Q)). 

If 1{6{P,Q)) = 0, then P = Q and the trivial path P = Pq = Q is the only compatible 
path from P to Q. Assume 1{6{P,Q)) = L > and we have proved the result for all 
parallel panels at distance strictly less than L. Take two compatible paths from P to 
Q: P = Po,Pi,...,Pk = Q andP = P^, P{, ...,PI = Q. If Pk-i = PU = Q\ then 
1{S{P, Q')) < L and so A; — 1 = / — 1 and we can conclude. 

Assume now Pk-i 7^ -P/_i, so that R{Pk-i, Pk) 7^ R{Pl_i, P^), and let R be the rank 3 
residue containing those two rank 2 residues. Let Q' be the projection of P on R. By 
Lemma 15. 6^ Q' is parallel to P and Q. Since Pk-i and Pl_i are not opposite Q', by 
Lemma [5.81 there is exactly one compatible path in R from Q' to Pk-i, resp. P/_i, they 
will be denoted respectively by Q' = To,Ti, . . . ,Tm = Pk-i and Q' = Tg, T[, . . . ,T^ = 
P;_i. We have Pk-i = proj^(p^_^ p^) P = proj^(p^_^_p^) proj^P = proj^(p^_^ p^) Q', and 
so Q' = Tq,Ti, . . . ,Tm,Pk = Q is a compatible path. By similar arguments, Q' = 
Tq,TI, . . . ,TI^,PI = Q is also a compatible path. By Lemma ESI these two paths in 
R must have the same length, and so m = n. 

By Lemma [HTTl there is a compatible path from P to Q', denoted by P = 5*0, Si, . . . , Sj = 
Q'. By Lemma E51 the paths P = Sq, Si, . . . , Sj = Q' = Tq,Ti, . . . ,Tm = Pk-i and 
P = Sq,Si, . . . ,Sj = Q' = Tq,T[, . . . ,T'^ = P/_i are both compatible of length j + m. On 
the other hand P = Pq, Pi, . . . , Pk-i and P = Pq, P{, . . . , P/_^ are also compatible paths. 
Since l{5{P,Pk-i)) < L and l{S{P,Pl_i)) < L, we can use the hypothesis of induction, 
and so A; — 1 = j + m and I — 1 = j + m. We conclude that k = I. □ 
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Definition 5.10.: We define the compatible distance between two parallel panels P and 
Q to be the length of a compatible path joining them. It will be denoted by lc{P,Q)- 
Note, that the previous lemma shows that the compatible distance between two parallel 
panels is well defined. 

By standard arguments using convex hulls and apartments (which are however a bit 
lengthy) one can prove the following. 

Lemma 5.11.: Let w E Xs and let P, P' be s-panels and Q, Q' be w~^sw -panels such that 
6iP, Q) = w = 5{P\ Q'). Then 1,{P, Q) = 1,{P', Q'). 

Definition 5.12.: Let w G Xg. Then we define its compatible length, denoted by lc{w) 
to be the compatible distance between an s-panel P and an U7~^siy-panel Q such that 
5(P, Q) = w. 

5.2 Bijections 

Definition 5.13.: We will say that a residue R is in /°p, resp. /°p, if it contains a 
chamber in /°p, resp. /°p. For s E S, let V°^{f), resp. 'P°c(/)' tie the set of all s-panels 
in /°P, resp. /°p. 

Notice that all chambers of a panel in /°p are in /°p except for one, namely projp /. 

Proposition 5.14.: Let P G V^^lf), w E Xg and t = w~^sw. Let P' be a t-panel with 
6{P, P') = w. Then the following conditions are equivalent: 

a) P' contains a chamber with f -value w; 

b) f{x) G {w,ujt} for X E P' and exactly one chamber of P' has f -value wt; 

c) P E V°^^{f) for all chambers x of P' ; 

d) P E 'P°^(/) for some chamber x of P' ; 

There exists exactly one panel P' satisfying those conditions, and it will be denoted by 
^{P, w). 

Proof: Conditions a) and b) are equivalent by the definition of a codistance. Assume 
P' satisfies b). Let x be a chamber with /-value w in P'. Then (5(projp x,x) = w = f{x). 
Since projp a; cannot be equal to projp/ (otherwise the chamber with /-value wt would 
be at distance l{w) from a chamber in f°^), projp a; G /°p and P E V"\{f). Now let 
z = projp/ / be the unique chamber with /-value wt. If y is any chamber of P in /op, 
S{y,z) = wt, so y E /°p and P E V'^^^f). Obviously c) implies d). Now assume P' 
satisfies d), then P contains y E f°^ and S{y, x) = f{x). li y = projp x, then 6{y, x) = w, 
otherwise 6{y, x) = sw = wt. In both cases, P' contains a chamber with /-value w. 

We now prove the existence of such a panel. Let p be the unique chamber of P not in 

/°P (so f{p) = s). As l{f{p)w) = l{sw) = l{w) + 1, by Lemma [378| there exists a unique 
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chamber c with s/(c) = w = 5{p,c). Let P' be the t-panel on c. By Lemma 15.21 P' is 
parallel to P and 6{P, P') = w. It obviously satisfies a). 

Now we want to show that P' is unique. Let Q be a t-panel with S{P, Q) = w satisfying 
b). Let X be the chamber of Q with /-value wt = sw = f{p)w. Obviously projpX = p, 
so d{p,x) = w. By Lemma [3. 8[ a chamber with that property is unique. Therefore x = c 
and Q = P'. □ 

Lemma 5.15.: Let Q be a t-panel of B and let w be the shortest word of {f{x)\x G Q}. 
Suppose wtw^^ := s E S . Then there exists an s-panel P G V°^{f) such that Q = 7r(P, w). 

Proof: Since w~^sw = t and l{sw) = l{wt) = l{w) + 1, we have w G X^. Let a; be a 
chamber of Q with f{x) = w. Let y G f°^ so that S{y,x) = w = f{x). Let P be the 
s-panel on y. By construction P is a panel in V°^^{f) which is parallel to Q by Lemma 
15.21 Moreover S{P, Q) = w, hence by Proposition 15.141 Q = 7i{P, w). □ 

Definition 5.16.: For P,Q e V°^{f) and w G X„ we put P =^ Q if and only if 
7i{P,w) = Tv^Qjw). This is an equivalence relation on V°^{f). For P =^ Q, we put 
P{P, Q, w) the bijection from P to Q defined by projg proj^(p,„-). 

Notice that (3{Q, P,w)P{P,Q,w) = Ip and that, by construction, (3{P,Q,w) maps 
projp / onto proJQ / via proj^(p„,) /. 

Proposition 5.17.: Let Wi,W2 G X^ with Wi -< W2 and P,Q E 'P°^(/) with P =^^ Q. 
Then P =^2 Q and j3{P, Q, wi) = f3{P, Q, W2) ■ 

Proof: Let S1S2 . . . s/ be a reduced word for wi and k := l{w2). Since l{w^^W2) = 
l{w2) — l{wi), we can write Wi^W2 as the reduced word si+i . . . Sk- Hence the word 
S1S2 ■ ■ ■ sisij^i . . . Sfe is a word for W2 and since it has length /c, it is reduced. Let p, resp. 
q, be the unique chamber of P, resp. Q, not in /°p. Looking up the proof of Proposition 
15.141 we see that 7r(P, 1^2) is uniquely determined by a chamber c with /(c) = SW2 and 
5{p, c) = W2. In the process, we built a gallery p = xq ~sj Xi ~ S2 . . . ~sfe Xk = c such 
that f{xi) = SS1S2 . . . Si- Notice that xi is the unique chamber at distance Wi from p 
with /-value swi. Similarly we can build a gallery q = x'q ~sj x[ ^^ S2 ■ ■ ■ ~sj. x'f. = c' 
to determine 7v{Q,W2), and xj is the unique chamber at distance Wi from q with /-value 
swi. Since P =u,^ Q, we must have xi = x'l and so Xi = x[ for all i > I. Therefore c = c' 
and so tt{P,W2) = tt{Q,W2). This proves the first statement. 

From each chamber x of P, there exists a gallery of type S1S2 ■ ■ ■ si to proj^(p,„^) x and a 
gallery of type S1S2 ■ ■ ■ s^ to proj^^p^^) ^- I^ both galleries, the i-th chamber is the unique 
one with /-value S1S2 . . . Sj if f{x) = Iw and of /-value SS1S2 . . . Sj otherwise. Therefore 
the first gallery is the beginning of the second one. We can use the same argument for Q. 
Therefore we must have f3{P, Q, wi) = (3{P, Q, W2). D 

Theorem 5.18.: For any two s-panels P, Q in 'P°^{f), we can define a bijection (3{P, Q) 
from P to Q in such a way that the following hold for all P,Q,R E 'P°^{f) ■ 

a) [3{P,P) = lp; 

16 



b) P{Q,P)PiP,Q) = lp; 

c) P{Q,R)(3{P,Q) = f3{P,R); 

d) (3{P, Q)(projp /) = proJQ /. 

Proof: 

For P,Q E Vg^i^f), we say that they are t-adjacent, denoted by P ^t Q, if there exist 
p G P n /°P and g G Q n /°p with p r^t q- Let P ~t Q, both in P°p(/). Let J = {s, t} and 
R be the J-residue containing P and Q. Since R is spherical by the hypothesis on B, xj := 
srj G Xs- Notice that 7r{P,xj) is a panel opposite to P in i? which contains a chamber 
with /-value rj. By Proposition 13.31 R contains only one such chamber, namely proj^/. 
Hence 7r(P, xj) is the unique panel of type Xj^sxj = rj^srj containing proj^ /. Similarly 
'ir{Q,xj) is the same panel. Therefore P =xj Q and we put (3{P,Q) := (3{P,Q,xj). If 
s = t, xj = Iw, P = Q = Tr{P, xj) and /9(P, Q) = Ip. 

As noticed above, /5(P, Q) maps projp / onto projg /. 

Let P,Q e P°P(/) and choose p G P n /°p and g G Q n /°p. By Theorem WM 
/°P is connected, and so there exists a gallery 7 from p to q contained in /°p. If 
7 = {xq = p,xi,X2, ■ ■ ■ ,Xn = q), let Xi be the s-panel containing Xi. By definition 
those panels are in V°^{f) and Xi ~t. Xj+i for some U G 5. We define f3{'~f,P,Q) : = 
/5(X„_i,(5) . . . (3{Xi,X2)/3{P,Xi). By the above comment (3{'j,P,Q) maps projp/ onto 
proJQ /. 

We will now show that if 71 and 72 are two galleries in /°p from a chamber of P to a 
chamber of Q, then /3(7i,P, Q) = /?(72,P, Q)- As j3{P,P) = Ip, we can assume 71 and 
72 start and finish with the same chamber. Hence this is equivalent to showing that for 
a closed gallery 7 in /°p, /3(7, P, P) = Ip. 

By Theorem 14. 3^ /°p is simply 2-connected. Therefore there exists a finite sequence of 
elementary homotopies from the closed gallery 7 to a trivial gallery based in p G P such 
that all intermediate galleries are contained in /°p. Since two galleries differing by an 
elementary homotopy are equal except in a rank 2 residue, it is enough to show that 
/3(7, P, P) = Ip for 7 in a rank 2 residue in order to prove it in general. 

Let 7 = (xo, xi,X2, ■ ■ ■ ,Xn = xq) be a closed gallery in /°p contained in a rank 2 residue 
R of type {t,u} (where t oi u could be equal to s). Let the X^'s be defined as above. 
Consider two consecutive chambers Xi and Xj+i. They are f-adjacent, where v G {t,u}. 
Let J := {s,v} and K = {s,t,u}, which are spherical by the hypothesis on B. Let R be 
the /C-residue containing xq. We have Xi ~t, Xj+i and, as seen above Xi =xj Xj+i and 
j3{Xi,Xi+i) = (3{Xi,Xi^i,xj). By Lemma [5^ xj -< xk, and so, by Proposition I5.17[ 
Xi =3,^ Xi+i and /3(Xi, Xj+i) = /3(Xi, X^+i, x/^). For all j = 0, 1, . . . , n - 1, 7r(Xj, xk) is 
the panel of type x~^sxk containing projp /, which is opposite to Xj in P, we will denote 
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it by 7r(i?). We have 

/?(7, Xo, Xo) = l3{Xn-i, Xo) . . . /3(Xi, X2)/?(Xo, X,) 

= (^{^n-l-, Xqi Xk) ■ ■ ■ /3(-Yl, -^2, Xk)(^{Xq, Xi, Xk) 

= Projxo ProJ7r(iJ) • • • Woix2 Proj^(ij) proj^^ proj^(R) 
= Projxo P^^OJ7r(iJ) = Ixo 

because proj^(-j:j) P^'oJXi = l7r(i?)- This completes the proof that (3{ji, P, Q) = l3{j2, P, Q) 
for 7i and 72 two galleries in /°p from a chamber of P to a chamber of Q. We put 
/3(P, Q) := /3(7, P, Q) for 7 any gallery in /°p from a chamber of P to a chamber of Q. 

It is obvious that a), b) and c) are satisfied. Since d) is satisfied for adjacent panels, it 
will be satisfied, by induction, for any two panels. 

D 

Theorem 5.19.: Let P,P' e P°p(/) with P =^ P' for w e X,. Then f3{P,P') = 
PiP,P',w). 

Proof: This is obvious ii w = Iw, so assume it is not the case. We will prove the result 
by induction on lc{w). Let Q := 7v{P,w) = 7r{P',w) be a t-panel (i.e. w~^sw = t). By 
Lemma Em lc{P,Q) = lc{P',Q) = lc{w). 

Assume first that lc{w) = 1, so that P and Q are opposite in a rank 2 J- residue R. The 
panels P' and Q are also opposite in the same residue R. Hence w = xj = srj. By 
the hypothesis on B, aff (P) = Af{R) = P fl f°^ is connected. Choose p E P H /°p and 
p' G P' n /°P. There exists a gallery 7 from p to p' contained in aff(P). If 7 = [xq = 
p,Xi,X2, ■ ■ ■ ,Xn = p'), let Xi be the s-panel containing Xj. Those panels are in V°^{f) 
and in P, and X^ r^t. Xj+i for some ti e J. By definition, (3{P,P') = /?(7, P, P') : = 
/3(X„_i, P')... P{Xu X2)l3iP, Xi). Moreover /?(X,, X,+i) = /3(X„ X^+i, xj) ii U ^ s and 
/3(X„ X,+i) = Ix, if t^ = s. Therefore /3(P, P') = /3(P, P', xj). 

Now assume Idw) = k > 1 and assume the result is proved for all w' G Xg with lc{w') < k. 
Let P = Pq, Pi, . . . , Pfc = Q be a compatible path from P to Q, which exists by Lemma 
15. 7[ and let P' = Pq, P{, . . . , P^ = Q be a compatible path from P' to Q with residues 
R{Pi, Pi+i) and P(i^', i^+i) of the same type for all < z < fc - 1. 

Let R be the rank 3 residue containing P(Pfc_i,Pfc) = R{PI^_^, Pj^) , R{Pk-2, Pk-i) and 
P(Pfc_2, Pfc-i). Let J be the type of R, which contains t. Let T = proj^P and T' = 
proj^/ P', which are panels by Lemma [5l6l Let c E Q. By Proposition 15. 14[ P G V^^^f), 
so there exists x G P fl /°p. By Lemma [3.91 proj^x G Af{R). That means T contains 
chambers in y4j^(P), so whose /-value is wj. We also have 5(x,projj.a;) = ztij, so that 
T = 7r{P,wj). By the same argument, T' = 7r{P',wj) and so T' contains chambers in 
Af{R). Therefore T and T' are s'-panels where s' = wj^swj G J. 

Since Pfc-2 is in a compatible path from P, it is parallel to P. By Lemma ESI T is a panel 
parallel to P and Pfc_2- Moreover there exists a compatible path from P to Pfc_2 containing 
T. Since all compatible paths between two given panels have the same length, the length 
of a compatible path from P to T is less or equal to A; — 2. Hence lc{w,j) < lc{w) — 2. 
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Choose p G TnAf{R) and p' E T'nAf{R). Because of the hypothesis on B, there exists a 
gallery 7 from p to p' contained in Af{R). If 7 = (p = xq, Xi, X2, • • . , a;„ = p'), let Xi be the 
s'-panel containing Xj and Xi ~t. Xj+i for some ti E J for < z < n — 1. By Lemma TS.lSt 
there exists an s-panel Qi G V"^{f) such that Xj = 7r(Qj, wj) for all < i < n. Of course 
we take Qo = P and Qn = P'- Since 5((5i,-^i) = wj, we have proj^Qi = Xi for all < 
^ < n. By Property c) of Theorem EUl /?(P, P') = P{Qn^i,Qn) ■ ■ ■ l3{Qi.Q2)l3{Q^.Qi). 

Let Ji = {s', U} C J, let i?j be the Jj-residue containing Xi and Xj+i and let Wi := wjs'rj^. 
We have w~^swi = rj.s'wj^swjs'rj^ = rj^s'rj. = ti E Ji, and l{swjs'rjj = l{wjrjj = 
liyojs'rj.) + 1 since wjTj^ = wjTj. is the longest word of wjWj.. Therefore Wi G Xs and 
T^iQijWi) = 7i{Qi+i,Wi) is the tj-panel containing the only chamber of Ri with /-value 
wjTj^, that is projj^^ /. Therefore Qi =^„^ Qi+i. 

Since proj^. Qi = proj^^ proj^ Qi = proj^. Xi = Xi, a compatible path from Qi to Xi (of 
length lc{wj) < k — 2) completed by the panel T:{Qi,Wi) is a compatible path of length 
Iciwi) < k — 1. By induction, this means that l3{Qi, Qi+i) = P{Qi, Qi+i, Wi). 

Let w := Wjs'rj. By a similar argument to the one for Wi, w E Xs and 'K{Qi,w) is 
the w~^ sw-pa.nel containing projjij/. Moreover Wi -< w for all < z < ri — 1. Indeed 
l{w^^w) = l{rj^s'wj^wjs'rj) = l{rjrj) = l{rj) - l{rjj = Ijs 'rj) - l{s'rj^) = l{wj) + 
K^'fj) — i}iwj) + ^(-s'^jj) = K^) ~ K^i)- By Proposition 15.171 we have Qi =u, Qi+i and 
l3{Qi, Qi+i, Wi) = l3{Qi, Qi+i, w). Therefore 

(3{P, P') = f3{Qn-i, Qn) . . . f3{Qi,Q2)(3{Qo, Qi) 

= P{Qn-l, Qn, w) ... (3{Qi, Q2, w)(3{Qo, Qi,w) 
= (3{P,P',w). 

We have l{w^^w) = l{w^^wjs'rj) = l(rjs'wj^w) = l{rj) — l{s'wj^w) because s'wj^w G 
Wj. Moreover l{s'wj^w) = l{wj^sw) = l{wj^wt) = l(wt) — l{wj) = l{w) + 1 — l{wj) 
because wt G wWj. Hence l{w~^w) = l{r-j) + l{wj) — 1 — l{w). On the other hand, 
l{w) — l{w) = l{wjs'rj) — l{w) = l{wj) + l{s'rj) — l{w) = l{wj) + l{r-j) — 1 — l{w) since 
wjs'rj G wWj. Therefore w -< w, and so j3{P,P',w) = j3{P, P',w). This concludes the 
proof. 

D 

Corollary 5.20.: Let R be a rank 2 residue of B such that lf{R) = min{/(/(x)) | x G 
R} G Xs and lf{Ryhlf{R) = t G typ(P). Let c e R and P, P' G P°p(/). Then 
(3{P, F')(projp c) = projp, c. 

Proof: Let w = f{c), J the type of R, so lf{R) = wj. Let d = proj^/, so that 
f{d) = w^ , where w^ is the unique longest word of wWj. From the hypothesis on wj, we 
easily get that sw^ G Xs and {sw^)~^s{sw^) = u E J, hence there exists a panel Q through 
d, of type u, which is parallel to both P and P' . Since 5{P, Q) = sw^ = w^u = 5{P' , Q) 
and Q contains a chamber with /-value w^u, we have Q = 'k{P,sw^) = ^{P' ,s'W^). 
Therefore P =swJ P' and, by Theorem 15. 19[ (3{P, P') = l3{P, P' , sw^) = projp/ projg. 

There exist x G P fl /°p and x' G P' fl /°p. By Lemma 13.71 there exist minimal gal- 
leries X = xo,xi,...,x„ = c and x' = Xo,x'^, . . . , x^ = c with l{f\xi)) = i = l{f{x'i)) 
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for all < 2 < n and going through projpC, resp.projp/ c. Obviously projpC = xi if 
xi E P and xq otherwise. By Proposition 13.31 /(c) = f{d)6{d,c); moreover l{f{c)) = 
l{w) = l{w^) — l{6{d,c)) = l{f{d)) — l{6{d,c)). Hence there is a minimal gallery c = 
yo,yi,...,ym = d with l{f{yi)) = l{f{c)) + z for all < i < m and going through 
proJQ c. Obviously projg c = ym~i if ym-i £ Q and ym = d otherwise. We have that 
X = Xo,Xi, . . . ,Xn = yo,yi, ■ ■ ■ ,ym = <i is a minimal gallery, and so there is a minimal 
gallery (which is a subgallery of the previous one) from projp c to projg c going through 
c. Therefore projp c = projp pro jg c. By a similar argument, projp/ c = projp, projg c. 

Putting all together, /3{P, P'){pToipc) = projp, projg projp projg c = projp, projgC = 
projp, c, because P and Q are parallel. 

D 

Theorem 5.21.: Let c be a chamber of B and P, P' E P°p(/). Then (3{P, P'){pioipc) = 
projp, c. 

Proof: We will prove this by induction on /(/(c)). 

Assume /(/(c)) = 0. If x G /°p, then 6{x,c) = f{c) = Iw, so /°p = {c}. Hence P = P' 
contains c, and the statement is obvious since /5(P, P') = Ip. 

Assume /(/(c)) = 1. If /(c) = s, then /°p consists of all chambers s-adjacent to c 
(except for c itself). Hence P = P' contains c, and the statement is again obvious. We 
now consider the case /(c) = t ^ s. Let R be the {s, t}-residue containing c. Then 
lf{R) = Iw satisfies the conditions of Corollary 15.201 and so we are done. 

Assume now l{f{c)) = / > 2 and the theorem is proved for all chambers c' with l{f{c')) < I. 
Let u, t be the last 2 letters in a reduced word for /(c), so that l{f{c)ut) = l{f{c)) —2. Let 
R be the {-u, t}-residue containing c. Therefore //(i?) < l{f{c)) — 2. If //(i?) satisfies the 
conditions of Corollary 15.201 we are done, so we will assume it does not. If projp P was 
a panel, it would be parallel to P and lf{R) would satisfy the above conditions. Hence 
projp P is a chamber p. Similarly projp P' is a chamber p' . Since P contains a chamber 
X in /°P and projp P = projp x, we have by Lemma [3.91 that p G Af{R), and similarly 
p' € Af{R). Moreover, there exists a minimal gallery from x to c going through p, and 
so X E /°P by Lemma 13. 7[ Similarly x' E f°f. By the hypothesis on B, there exists a 
gallery p = pQ,pi, . . . ,pn = p' (without repetitions) entirely contained in Af{R). For all 
1 < i < ?^, let Qj be the unique panel containing pj_i and pj, and let Zj = projg /. Since 
l{f{zj)) = lf{R) + 1, we have l{f{zj)) < I for all I < j < n. For each 1 < j < n — 1, we 
can choose Xj E f°^ and Pj the s-panel through Xj. We also put xq = x, Pq = P, x„ = x' 
and P„ = P'. 



By Lemma 13. 7[ there exists a gallery from Xj to jOj with / getting strictly longer at each 
step for all 1 < j < n — 1. Since l{f{zj)) = l{f{pj)) + 1 = /(/(z^+i)), Zj,pj E Qj and 
Zj+i,Pj E Qj+i, by adding a chamber at the end of the previous gallery, we get two 
minimal galleries from Xj to Zj and from Xj to -Zj+i, both with / getting strictly longer at 
each step. Hence Xj E /°p and Xj E /°^^ for all 1 < j < n — 1. Therefore Pj E P°p (/) 
and Pj E V°^^.^_^{f) for all 1 < j < n — 1. For a similar reason P = Pq E 'P°Pj(/) and 
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P' = p^ e P°K/). We conclude that Pi^i,Pi e V^%{f) for all 1 < i < n. Hence, by 
induction, /3(Pj_i, -Pi)(projp._^ Zi) = projp. Zi for all 1 < i < n. 

Since projp Pi is a chamber for all 1 < i < n and projections of residues on one another are 
parallel, projp. R is also a chamber, hence projp. Zi = projp. R = projp, c and projp._^ Zi = 
projp^_^ R = projp^_^ c. Therefore we have /3(Fi_i, Pt)(projp^_^ c) = projp^ c. 

By Theorem [5A81 (3{P, P') = (3{P', F„_i) . . . p{Pi, P2)(3{P, Pi). We easily conclude that 
/3{P, P') projp c = projp, c. 

D 

6 Adjacent codistances 

Definition 6.1.: Two codistances / and g on B are called s-adjacent ii Vg^{f) = V^^^g). 
We denote it by / ~s 9- 

Lemma 6.2.: Let f, g be two codistances on a building B. Let R be a spherical J -residue 
in /°P. Let s & J . If f and g are s-adjacent, then projp/ and projp gf are rjsrj- adjacent 
in B. 

Proof: Suppose / and g are s-adjacent. Then V°^{f) = V°^{g), which means that the 
s-panels of R in /°p and in g°^ coincide. The rjsrj-panel P containing d := projp/ is 
opposite in R to all s-panels of R in /°p. Suppose there is another panel P' opposite to 
those same s-panels. Of course P' is also of type rjsrj. Let d' := projp/ /. Then there 
exists a minimal gallery from d to d' which can be extended to a minimal gallery from d 
to a chamber c opposite to d, that is a chamber in /°p. The s-panel containing c is in 
/°P, and so should be opposite to both P and P', which is not possible. Similarly, the 
panel of type rjsrj containing projp ^f is the only panel of R opposite in R to all s-panels 
in g°^. Therefore these 2 panels of type rjsrj coincide, and so projp/ and projp ^f are 
rjsr j-adjacent. □ 

Lemma 6.3.: Let f be a codistance on a building B, and let g be a codistance s-adjacent 
to f . Let R be a J -residue in f°^, with s E J. Then R is in g°^. 

Proof: Since R is in /°p, R contains a chamber x in /°p. The s-panel containing x is in 
/°P, and so by hypothesis, it is in g°^. Since this panel is in R, it means R is in g°^. □ 

Lemma 6.4.: Let f be a codistance on a k-spherical building B such that /°p is connected, 
and let g be a codistance s-adjacent to f . Let R be a J-residue of rank < k — 1 in /°p, 
with s E J. Then projp (7 determines g uniquely. 

Proof: Suppose that gi and g2 are two codistances s-adjacent to / with projp (71 = 
projp (72. By hypothesis, P°p(/) = V^^gi) = V°^{g2). 

We claim that g"^ C g"^ . Let x G (7°^, then the J-residue R^ containing x is in g'^ . By 
Lemma 16.31 R^ is also in /°p. Since /°p is connected, there is a gallery xq, Xi, . . . , x„ in 
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/°P with xq E R and Xn & Rx- We will show by induction on n that proj^^ gi = proj^j^ (72- 
If n = 0, then P = Q and the result is obvious. Assume that we have shown that for every 
J-residue at "distance" (in the sense described above) at most n— 1 of R, the projections of 
gi and g2 coincide. Let R' be the J-residue containing Xn-i- By the induction hypothesis, 
proj^/ 5'i = pio]^, g2- We have x„_i ~t Xn- li t E J then R^ = R! and we are done. 
So assume f ^ J, let K = J U {t} (which is spherical by hypothesis) and let R be the 
/^-residue containing R^ and R' . Then the residue of type op^(J) := {rxurx\u e J} 
containing proj^/ is the only residue of R opposite in R to all J-residues of R in /°p, 
by similar arguments as in Lemma [6.21 Similarly, the op;^(J)-residue containing proj^^fj 
is the only residue of R opposite in R to all J-residues in g°^, for i = 1,2. By Lemma 
16. 3[ the sets of J-residues in /°p and in g°^ {i = 1,2) coincide. Therefore these three 
op;^(J)-residues coincide, let us name it T. As f{y) = /(proj^ /)(5(proj^ /, y) for y E R, 
by Lemma 13731 we have l{f{y)) = tk — K^{w^]Rf^y)) fo^' V ^ R, and so proj^/ / = 
proj^/ proj^/. Similarly for gi,g2 and for R^. We have proj^, (71 = proj^/(72, and so 
proj^, proj^fifi = proj^, proj^5f2, with proj^5fi,proj^5f2 e T. Since R' and T are parallel, 
it means proj^^^i = proj^5f2, which implies proj^^ gi = projjij^ (72 by similar arguments. 
This finishes the proof by induction. Since x G g"^ and, for any y G Rx, gi{y) = 
giiP'^o] ji^ gi)6{pToiji^ gi,y) by Lemma E31 we have Iw = rj(5(proj^^ 5^1, x). Therefore 
rj = 5(proj^^ 91, x) = 5(proj^^ 92, x), which implies that x G 92^. By symmetry, we get 
gl^ = g^ . We now conclude by Lemma [3.101 

D 

Proposition 6.5.: Let C he the set of all codistances on a 3-spherical building B. Then 
(C, (~s)sg5) is a chamber system. 

Proof: It follows from the definition that ~s is an equivalence relation on C for all s E S. 
Suppose f ^s 9 and / ~f (? for s, t G S* and f ^ g. Let J = {s, t}, which is spherical. Let 
i? be a J-residue in /°p. By Lemma [6741 projjij/ and proj^ ^f are distinct. By Lemma [6. 2[ 
the chambers proj^/ and projjijgr are rjsrj-adjacent and also rjtrj-adjacent in B. Since 
the chambers of B form a chamber system, it means rjsrj = rjtrj, and hence s = t. □ 

/^From now on, we again assume that B = (C, S) is a 3-spherical building of type {W, S) 
satisfying (Ico) and (Isco) and that / is a codistance on B. Let B* = (C*, {^s)ses) be the 
chamber system on the connected component of /. 

Fix s E S and P in ^"^^{f). For each chamber p of P in /°p, we will define another 
codistance on B. Let (3{p) := {P{P,Q){p)\Q G P°p(/)}. By Theorem [51S1 this set 
contains exactly one chamber in each panel of 'P°^(/), none of which being the projection 
of / on it. 

Theorem 6.6.: For c E B, choose P E V^^^{f), and put 

qi^\ ^ / ^/(c) «/ Projp c G {projp /, (5{p) H P] 
1 f{^) otherwise. 

Then g is a codistance on B. Moreover g is s-adjacent to f and, for P E V°^{f), projp g = 

Pip) n P. 
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Proof: The function g : C ^ W is well defined by Theorem 15 . 2 1 1 and by statement d) of 
Theorem 15. 18[ Let Q be a t-panel, so that /(x) G {w,wt} for all x G Q and Q contains 
a unique chamber q := projn / with /-value the longest word of the two, which we can 
assume to be wt. 

Assume w~^sw = t. Then w E X^ and there exists P G V^^i^f) parallel to Q with 
(5(P, Q) = w. By Proposition 15. 14[ P G V°^^{f) for all chambers x of Q. Since P and Q 
are parallel, projp and projg are inverse bijections between P and Q. Hence g{x) = f{x) 
for all X E Q, except for q whose f^-value is sf{q) = swt = w and for proJQ(/?(p) fl P) 
whose gf-value is s/(proJQ(/5(p) fl P)) = sw = wt. Hence g{x) G {w,wt} and Q contains 
a unique chamber with gf-value wt. 

Now assume w~^sw ^ t. We claim that either g{x) = f{x) for all x G Q or g{x) = sf{x) 
for all X E Q. In the first case, it is obvious Q will satisfy the codistance condition for g. 
Suppose we are in the second case. Then g{x) G {sw, swt} for all x G Q ^^^ Q contains 
a unique chamber with gf- value swt. We just need to show that l{swt) = l{sw) + 1 to 
get that Q satisfies the codistance condition for g. If l{sw) = l{w) + 1, it is known 
that either l{swt) = l{w) + 2 or swt = w. Since the second case is excluded, we have 
l{swt) = l{w) + 2 = l{sw) + 1. If l{sw) = l{w) - 1 and l{swt) = l{sw) - 1, then 
l{swt) = l{w) — 2 = l{wt) — 3, and we get a contradiction, hence if l[sw) = l{w) — 1 we 
also get l{swt) = l{sw) + 1. 

We now prove the claim. Let x G Q with /-value w, y E f°^ and P the s-panel containing 
y, so that P G 'P°^(/)- If ^6 ^dd the chamber g to a minimal gallery from y to x, we get a 
minimal gallery from y to q with the required condition on /, and so, by Lemma 1X71 y G 
/°P and P G V°^q{f). Let x' be another chamber of Q with /-value w and P' G 'P°^./(/)- By 
the same argument, P' G V°^q{f). By Theorem 15. 2 11 it means /3(P, P')(projp q) = projp; q. 
Since P and Q (resp. P' and Q) are not parallel, projp Q and projp, Q are chambers, and 
so projp q = projp x and projp/ q = projp, x'. Therefore /5(P, P') (projp x) = projp, x', and 
so projp X G {projp /, j3{p) fl P} if and only if projp, x' G {projp, /, (3{p) fl P'}. Moreover 
we also have projp x G {projp /,/3(p) fl P} if and only if projp g G {projp /,/5(p) fl P}. 
Therefore the claim is proved. 

Let P G Vg^lf). Then P contains chambers in /°p and one chamber p with /(p) = s. 
Obviously P G 'Ps^iif)^ hence projp p = p and so g{p) = sf{p) = Iw- Hence p G g"^ and 
P G V°^{g). Let P be a s-panel not in V°^{f). Then /(x) G {t/7,t(;s} for x G P with 
s j^ w j^ 1. Hence g{x) G {i«, szi;,i«s, stfs} for x E P. Since Ivi/ ^ {w,sw,ws,sws}, no 
chamber of P is in (/"p, and so P ^ V°^{g). This proves that / ~5 (7. 

Finally, let P G P°p(/). Then for any c G P, P G P°p(/), therefore ^(c) = /(c) unless 
c G {projp /, j3{p) n P}. Hence the only chamber of P with g-value s is /3(p) fl P. 

D 

Proposition 6.7.: Lei B be a 3-spherical building of type {W, S) satisfying (Ico) and 
(Isco). Let J C S be spherical, and f be a codistance on B. Let R be a J -residue of B 
in /°P and R be the J -residue containing f in B* . Then a : R ^ R : g -^ projpf? is a 
bisection such that: 
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(i) 'i 91,92^ R,s e J, we have gi ~s 92 if and only if a{gi) ^rjsrj a(fl'2 
(ii) \fg E R.c E R, we have c G (7°^ if and only if 6{a{g), c) = rj. 

Proof: 



By Lemma [631 ct is injective. Let d = proj^ /. We will show by induction on the distance 
l{S{x,d)) that a is surjective. Notice first that «(/) = (i so it is true if l{6{x,d)) = 0. 
Suppose we have proved that there exists g E R with ^(^f) = x for all x satisfying 
l{6{x, d)) < I and suppose l{6{y, d)) = I. Let y = yo,yi, . . . ,yi = d he a. minimal gallery. 
By hypothesis, there exists gi E R with a{gi) = yi. Let T be the t-panel containing yo 
and yi for some t E S. Let s = opj(t) = rjtrj E J. By Lemma [631 and an easy induction, 
R is in g°^ for any g E R and so in particular for gi. Therefore there exists c E Ril g'^ 
and the s-panel P containing c is in V°^{gi). By construction P and T are opposite 
hence parallel. Let p := projp?/. Using Theorem 16.61 we can construct a codistance g 
s-adjacent to gi with pTojpg = p. By Lemma [6^ PT^oj j^g and proj^t^i are t-adjacent, 
and so proj^(7 E T. Since projp (7 = projpproj^t? (by an argument used above), we must 
have proj^g' = y. Therefore ^(^r) = y and a is surjective. 



By Lemma [6l2| if gi and g2 are s-adjacent in R, then proj^(7i and proj^5f2 are rjsrj- 
adjacent in R. 

Now assume gi and g2 are codistances in R with proj^ (71 ~rjsr,j proj^ g2 for some s E J. 
Let P be the rjsr j-panel containing them and e := projprf. As a is surjective, there 
exists g E R with a(g') = e. We have shown above that there exist codistances g[ and g2, 
both s-adjacent to g, with projjij (7^ = pToij^gi and proj^^fg = projj:j5'2- By the injectivity 
of a, g[ = gi and g2 = g2, and so gi and g2 are both s-adjacent to g. Since B* is a chamber 
system, this means gi ~s 5'2- This proves (i). 

We now prove (u). Let g E R. By Lemma IX^ for all c E R, g{c) = g{a{g))6{a{g),c). 
Since R E g"^ as noticed above, g takes on R its values in Wj, and so g{a{g)) = rj. Hence 
cG^°P ^^ c/(c) = W ^^ 5(a(c/),c) = rj. □ 

Corollary 6.8.: The chamber system B* has the same diagram as B. 

Proof. Let M be the diagram of B, which mean that each rank 2 J-residue is a generalized 
Mj-gon. Let i? be a J-residue of rank 2 of i3*.Let g' be a codistance in R and let i? be a 
J-residue in g°^. Then, by Proposition 16. 7[ i? is a building of the same type as R, hence 
a generalized Mj-gon. Therefore B* has diagram M. D 

7 Construction of the twinning 

In order to construct a twinning we apply the main result of |Mu98j which we recall below 
and whose statement requires some preparation. 

Let (W, S) be a Coxeter system and let i3+ = (C+, 6+),B- = (C_, S-) be two buildings 
of type (W,S). An opposition relation between 0+ and B- is a non-empty subset O 
of C+ X C_ such that there exists a twinning 6* of B+ and B- with the property that 
= {{x.,y)EC+xC- \6*ix,y) = lw}. 
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A local opposition relation between i3+ and i3„ is a non-empty subset (9 of C+ x C_ 
such that for each (x, y) E O and each subset J C S* of cardinahty at most 2 the set 
O n {Rj{x) X Rjiy)) is an opposition relation between the J-residues of x and y. Note 
that the definition of a local opposition relation makes perfect sense for two chamber 
systems of type {W, S) as well. 

Here is the main result of |Mu98j . 

Theorem 7.1.: Let {W,S) he a Coxeter system and let B+ = (C+,(5+),i3_ = (C_,5_) be 
two thick buildings of type {W, S) and let O be a non-empty subset of C^ x C_. Then O 
is an opposition relation between B^ and i3_ if and only if it is a local opposition relation 
between the two buildings. 

The following corollary of the previous theorem has been proved in |Mu99l p. 28], we 
paraphrase that proof here. 

Corollary 7.2.: Let (W, S) be a Coxeter system and let (C+, (~s)sg5), (C_, (~s)ses') be two 
connected, thick chamber systems of type {W, S) whose universal 2-covers are buildings. 
Suppose that there exists a local opposition relation O C (C+ xC_) between them. Then the 
chamber systems are buildings. In particular, there exist unique distances (5+ : C_|_ x C^ ^ 
W,5. -.C-xC- ^W and6* : (C+xC_)U(C_ xC+) ^ W such that {{C+,5+),{C-,6.),6*) 
is a twin building of type (W, S) and such that O = {{x,y) E C+ x C- \ 6*{x, y) = Iw}- 

Proof: Let B^ = (Ce, (~s)sgs) be the universal 2-cover of {Ce,{^s)ses), which is a 
building by hypothesis, with covering morphism (j)^ : C^ ^ C^, for e = +,— . Let O = 
{{x, y) E C+x C_|(0+(x), (p-iy) G O}. Obviously C is a local opposition relation between 
B+ and B^. By the previous theorem, this means that O is the opposition relation of a 
twin building (0+, S_, 5*). 



Let X ^ y E C_. By Lemma 12.61 x°p 7^ If"^. Hence there exists ^ G C+ such that 
(^,x) G O but {z^y) ^ O. If 0_(x) = V = <p-{y), then we have both {(f)+{z),v) G O and 
(0+(z), v) ^ O, & contradiction. This shows that 0_ is injective and hence is the identity. 
The same argument shows that 0+ is the identity. Therefore C^ = C^ for e = +, — and 
the result follows. □ 

In order to apply the corollary above we need the following lemma. 

Lemma 7.3.: Let B+ = {C+,6+),B^ = (C„,5_) be two buildings of spherical type (W,S), 
let r E W be the longest element in W and let O be a non-empty subset of C^ x C_. Then 
the following are equivalent. 

a) O is an opposition relation between B+ and B- . 

b) There exists a bijection a : C+ ^ C_ such that the following two conditions are 
satisfied: 

(i) For all x,y E C^ and all s E S we have x ^g y if and only if a{x) ^^rsr ct{y); 
(ii) = {{x,y)eC+xC^ |5_(a(x),y) = r}. 

25 



Proof: Suppose O is an opposition relation between B+ and i3_. Then there exists 
a twinning between them. Define a : C+ — i> C_ by a{x) = pToi(2_ ^i ^^^^ ^^ ^^^ unique 
chamber y of C_ with 5*{x, y) = r. It is easily checked that a is a bijection and satisfies 
(z) and [a). 

Now suppose there exists a bijection a satisfying (i) and (ii). We define a mapping 5* 
from (C+ X C_) U (C_ x C4.) into M^ by S{x,y) := r5_(a(x),y) and S{y,x) := (5(x,y)~^, 
for a; G C+ and y E C^. Using the axioms of buildings, it can easily be checked that 5* 
is a twinning. Moreover O = {{x,y) G C+ x C_ | 6*{x,y) = Iw}, so O is an opposition 
relation between B+ and B-. 

D 

Proof of the main result 

Let ;B_ = (C_,(^_) be a thick building of type {W, S) satisfying all necessary properties 
and let / : C_ — i> W be a codistance. 

Consider the chamber system of all codistances of B- which is a chamber system over 
5". Let C+ be the connected component containing / and consider the chamber system 
(C+, (~s)ses) which is a connected chamber system of type (W, S) by Corollary 16. 8[ It 
readily follows from Proposition 16.71 that all J-residues of rank at most 3 are spherical 
buildings and in particular that (C_|_, {^s)ses) is thick . By a result of Tits [TiSlj it follows 
that the universal 2-cover of this chamber system is a building. 

We define C C C+ x C_ by setting O := {{g,c) G C+ x C_ | g{c) = Iw}- Using 
the lemma above and Proposition 16.71 we see that (9 is a local opposition between the 
chamber systems (C+, (~s)ses) and (C_, (~s)sgs)) which are both thick chamber systems 
of type {W, S) whose universal covers are buildings. Therefore, Corollary 17.21 yields the 
twin building. 

Now it is easy to see that /' := 6*{f, .) is a codistance on B^ with 

/'OP = {ce C_|5*(/,c) = W} = {ce C_|(/,c) eO} = {ce C_|/(c) = W} = r. 
By Lemma [3.10[ we have f = f and so 6*{f, x) = f{x) for all x G C^. 

References 

[Ab96] P. Abramenko: Twin buildings and applications to S-arithnietic groups. Lecture 
Notes in Mathematics, 1641, Springer- Verlag, Berlin, 1996. 

[AB08] P. Abramenko & K. Brown, Buildings, Theory and Applications. GTM 248, 
Springer 2008. 

[AB99] M. Abramson & C. Bennett: Embeddings of twin trees. Geom. Ded. 75 (2) (1999), 
209-215. 

[B068] N. Bourbaki: Groupes et Algebres de Lie, Chapitres 4,5 et 6. Hermann, Paris, 
1968. 

26 



[Br93] A. E. Brouwer: The complement of a geomietric hyperplane in a generalized poly- 
gon is usually connected., in Finite Geometry and Combinatorics., ed F. De Clerck 
et al., Cambridge University Press, 1993. 

[CM06] P.-E. Caprace, B. Miihlherr: Isomorphisms of Kac-Moody groups which preserve 
bounded subgroups. Adv. in Math. 206 (2006), 250-278. 

[DM07] A. Devillers, B. Miihlherr: On the simple connectedness of certain subsets of 
buildings. Forum Math. 19, No. 6 (2007), 955-970. 

[DS87] A. Dress, R. Scharlau: Gated sets in metric spaces. Aequationes Math. 34 (1987), 
112-120. 

[Hu90] J.E. Humphreys: Reflection groups and Coxeter groups. Cambridge Studies in 
Advanced Mathematics, 29, Cambridge University Press, Cambridge, 1990 

[Mu98] B. Miihlherr: A rank 2 characterization of twinnings. European J. Combin. 19 
(1998), no. 5, 603-612. 

[Mu99] B. Miihlherr: On the Existence of 2-Spherical Twin Buildings. Habilitationss- 
chrift, Universitat Dortmund, 1999, 73 pages. 

[Mu99a] B. Miihlherr: Locally split and locally finite twin buildings of 2-spherical type. 
J. Reine Angew. Math. 511 (1999), 119-143. 

[MuRo95] B. Miihlherr, M. Ronan: Local to global structure in twin buildiings. Invent, 
math. 122 (1995), 71-81. 

[MVM08] B. Miihlherr, H. Van Maldeghem: Godistances in buildings, to appear in Innov. 
Incid. Geom. 

[Ro89] M. Ronan: Lectures on Buildings. Academic Press, San Diego, 1989. 

[Ro08] M. Ronan: A local approach to twin buildings. Preprint, 2008, 19 pages. 

[RT99] M. Ronan & J. Tits: Twin trees II, Local structure and a universal construction. 
Israel J. Math. 109 (1999), 349-377. 

[Ti74] J. Tits: Buildings of spherical type and finite BN-pairs. Lecture Notes in Mathe- 
matics, Vol. 386. Springer- Verlag, Berlin-New York, 1974. 

[Ti81] J. Tits: A local approach to buildings. Coxeter Festschrift, The geometric vein (ed. 
C. Davis), pp. 519-547, Springer, New York-Berlin, 1981. 

[Ti84] J. Tits: Immeubles de type afhne. in Buildings and geometry of diagrams, (Como 
1984), LNM 1181, Springer, Berlin 1986. 

[Ti86] J. Tits: Ensembles ordonnes, immeubles et sommes amalgamees. Bull. Soc. Math. 
Belg. Ser. A 38 (1986), 367-387. 

27 



[Ti92] J. Tits: Twin buildings and groups of Kac-Moody type. Groups, combinatorics and 
geometry (Durham, 1990), pp. 249-286, London Math. Soc. Lecture Note Ser., 165, 
Cambridge Univ. Press, Cambridge, 1992. 

[We03] R. Weiss: The structure of spherical buildings. Princeton University Press, Prince- 
ton, 2003. 



28 



